We consider isentropic gas dynamics equations with unilateral constraint on the density and mass loss. The and pressureless pressure laws are considered. We propose an entropy weak formulation of the system that incorporates the constraint and Lagrange multiplier, for which we prove weak stability and existence of solutions. The nonzero pressure model is approximated by a kinetic BGK relaxation model, while the pressureless model is approximated by a sticky-blocks dynamics with mass loss.
1 Introduction and models
Models
The aim of this paper is to introduce a weak formulation and establish weak stability and existence for solutions to some one-dimensional systems of conservations laws with unilateral constraint. Such system arises for example in the modeling of two-phase ows, We take v 2 L 1 (Q), so that the product Qv is well-de ned as a measure. We need then to formulate in a weak sense that Qv = Qu, and that Q = Q. In order to do so, we require the family of entropy weak product inequalities @ t S ( ; u) + @ x G S ( ; u) Q 0 S (1; v) (1; v);
(1.11) for any convex entropy S in a suitable family parametrized by a convex function S, where G S is its entropy ux, and 0 S is its derivative with respect to ( ; u). Since v, by de nition, is de ned Q a.e., the term on the right-hand side of (1.11) is well-de ned. In order to see that (1.9)-(1.11) is a weak formulation of (1.4)-(1.6), we observe rst that any suitable solution to (1.4)-(1.6) also solves (1.9)-(1.11) with v = u. Conversely Together with the constraints (1.10), we deduce that Qv = Qu and Q = Q, except in the pressureless case = 0, in which we can only conclude Qv = Qu.
We shall see in Subsection 4.4 that in this case the formulation really fails to
give Q = Q in the strong sense.
Our main result is that the entropy formulation of the system (1.9)-(1.11) is weakly stable. We are able to prove a priori estimates and compactness of suitable approximations, that lead to existence for the Cauchy problem. For the nonzero pressure model, the approximate solutions are obtained by a kinetic BGK equation with additional projection to enforce the constraint 1. For the pressureless model, the approximation is based on the notion of sticky blocks that has been introduced in 8] and used in 2], but here with a di erent dynamics based on mass loss.
We look for solutions with regularities
(1.17)
The density and the momentum density u are a priori not continuous with respect to time, because Q could contain Dirac distributions in time. However, (1.8) suggests that it should not be the case, but it is an open question to decide whether or not it is the case.
Thus, we consider weak solutions in the sense that for all ' (1.20)
We assume that 0 2 L 1 (R), so that we can bound a priori the mass loss, R R ?Q dtdx R 0 dx. 4 
Main results
The following compactness result is valid for the two possible pressure laws (isentropic model with nonzero pressure or pressureless model).
Theorem 1.1 Let us consider a sequence of solutions ( n ; u n ; Q n ; v n ) with reg- (1.22) In the pressureless case, we also assume that the Oleinik inequality (1.26) holds, and that Q n is bounded in L 1 loc (]0; 1 ; M loc (R)). Then, up to a subsequence, as n ! 1, ( n ; u n ; Q n ; v n ) *( ; u; Q; v) satisfying (1. (1. 25) In the pressureless case, we also get (1.26). In the nonzero pressure case, we have the convergence a.e. n ! , n u n ! u.
We turn now to existence. The theorem is again the same for both pressure laws. (1.32)
The remainder of the paper is organized as follows. In Section 2, we prove the stability of the entropy weak product formulation. In Section 3, we study the non-zero pressure case. where is de ned by (3.7)-(3.9) in the case > 0, and by ( ; ) = ( ) if = 0 (in other words S ( ; u) = S(u)). Recalling that prime denotes di erentiation with respect to ( ; u), we can express the desired quantity and get, for 1 < < 3, 3 Isentropic model with nonzero pressure
In this section, we introduce a kinetic BGK relaxation model that approximates the problem with nonzero pressure p( ) = with > 0, 1 < 3. We rst prove existence of solutions for the BGK model and establish kinetic invariant domains leading to uniform bounds. Then we let the relaxation parameter " tend to 0, and get an entropy solution to (1.9)-(1.11) via compensated compactness. For the special case = 3, an alternate proof via averaging lemma is provided.
BGK model
We consider the following kinetic BGK relaxation model, which is obtained from the one of 3], 4] by including an overall projection onto the constraint 1,
where f = f(t; x; ) = (f 0 (t; x; ); f 1 (t; x; )) 2 R 2 , t > 0, x 2 R, 2 R, f(t; x; ) 2 D ; The kinetic entropy associated to the physical energy is denoted by H = H v 2 =2 . We recall that H 0. Applying the previous result to min (1; ) and integrating in , we get a minimization principle. 
Relaxation limit via compensated compactness
In this section, we prove the stability Theorem 1.1 and the existence Theorem 1.2 in the case of nonzero pressure.
Proof of Theorem 1.1 for nonzero pressure.
Let ( n ; u n ; Q n ; v n ) satisfy the assumptions of Theorem 1.1. Then @ t S ( n ; u n ) + @ x G S ( n ; u n ) Q n 0 S (1; v n ) (1; v n ); (3.46) and since the right-hand side is bounded in M loc , we can apply the compensated compactness result of 21] and it gives that, up to a subsequence, ( n ; n u n ) converge a.e. in ]0; 1 R when n ! 1 to some functions ( ; u).
Using Lemmas 2.1 and 2.2, we can pass to the limit in (3.46), while the limit in (1.18)-(1.19) is obvious.
We turn now to the existence result (Theorem 1.2) and prove the relaxation of (3.1) to (1.9)-(1.11).
Theorem 3. we can apply Theorem 3.8 and we get the result. Proof of Theorem 3.8 when = 3.
The beginning of the proof is the same, we can replace compensated compactness by Proposition 3.10, but it remains to get that f " ?M and we recall that this quantity is nonnegative.
We set E = f(t; x) 2]0; T R; (t; x) > 0g. On E, we have u " ! u a.e., and from (3.58), (f " ) 0 ! M 0 ( ; u; ) a.e. since the set of such that ( ? u(t; x)) 
Pressureless model
This section is devoted to the proof of Theorems 1.1-1.3 when p = 0. We build a sticky blocks dynamics with mass loss that solves the system for particular data, that is used to approximate arbitrary initial data. 
Sticky blocks dynamics
Let us consider a volume fraction (t; x) and a momentum density (t; x)u(t; x) given by
with a 1 (t) < b 1 (t) a 2 (t) < b 2 (t) a n (t) < b n (t). The time evolution is de ned as follows. The number of blocks n indeed depends on t, but is piecewise constant. As long as the blocks do not meet, they move at constant velocity u i (t). When two blocks collide at a time t , the dynamics is exhibited in Figure 1 , and is de ned as follows. The volume fraction is given locally by (t; x) = 8 > < > :
1I a l (t)<x<b l (t) + 1I ar(t)<x<br(t) if t < t ; 1I a l (t)<x<br (t) if t t < t f ; 1I a(t)<x<b(t) if t t f : (4.5) and the momentum density u by u(t; x) = 
Existence of a solution
We do not detail the proof of Theorem 1.1, since it is very close to that of 2].
The same argument is used to prove that for any S continuous, n S(u n ) * S(u). Only Lemma 2.1 is new and gives directly the entropy weak product inequality. 
Loss of the strong extremality relation
This section is devoted to a counterexample that shows that in the pressureless case, the extremality relation in the strong sense (1.6) is not included in the entropy weak product inequality (1.11). We construct a sequence of sticky blocks solutions to which we can apply the stability theorem, but for which the limit does not satisfy the strong extremality relation (1 ? )Q = 0.
We consider initially two blocks of height 1=2, We use the following approximation of these initial data, : (4.21) Using the dynamics of Section 4.1 with (u l ; u r ) = (u l + u r )=2, we get a solution ( n ; u n ; Q n ; v n ) to ( . This solution is half of a usual sticky block solution, as can be easily checked in the pressureless case, we can multiply any weak solution by a factor between 0 and 1, it is still a solution. It can be also interpreted as the sticky block solution with constraint 1=2. The two blocks with height 1=2 loose their mass when they collide, all the mass disappears though is staying less than 1=2. The extremality relation is lost because here Q does not vanish even if < 1 everywhere. We get instead ( 1 2 ? )Q = 0. However, for the initial data (4.19), we have not been able to nd a solution that satis es the strong extremality relation, and the above weak solution could be considered as the most natural one. One could say that anyway it satis es the extremality relation if we de ne to take the value 1 on the line x = 3=2, 1=2 < t < 3=2.
But this indicates clearly that the model introduced here is not satisfactory in the pressureless case. However the phenomenon should not occur with pressure, as indicated by (1.14).
